CHAPTER 5

Three Frameworks for
Statistical Analysis

Inn this chapter, we introduce three major frameworks for statistical analysis:
Monte Carlo analysis, parametric analysis, and Bayesian analysis. In a nut-
shell, Monte Carlo analysis makes minimal assumptions about the underlying
distribution of the data. [t uses randomizations of observed data as a basis for
inference. Parametric analysis assumes the data were sampled from an underly-
ing distribution of known form, such as those described in Chapter-2,and esti-
mates the parameters ofithe distribution from the data. Parametric analysis esti-
mates probabilities from observed frequencies of events and uses these prol
bilities as a basis for inferende, Hence, it is a type of frequentist inference. Bayesian
analysis also assumes the data were sampled from an underlying distribution of
known form, [t estimates pacameters not pnly from the data, but also from prior’
knowledge, and assigns probabilities to these parameters, These probabilities are
the basis for Bayesian inference, Most standard statistics texts teach students
parametric analysis, but the other two are equally important, and Monte Carlo
analysis is actually casier to understand initially. To introduce these method

will use each of them to analyze the same sample problem.

!

Sample Problem r

ine you are trying to ét}lnpn:c the nest density of ground-foraging ants in
two habitats—ficld and forest. In this sample problem, we won't concern our-
selves with the scientific hypothesis that you are testing (perhaps vou don't even
have one at this point); we will simply follow through the process of gathering
and analyzing the data-to determine whether there are consistent differences in
the density of ant nests in the two habitats,

You visita forest and an adjacent field and estimate the average density of ant
nests in each, using replicated sampling, In each habitat, you choose a random
location, place a square quadrat of 1-m? area, and carefully count all of the ant
nests that eccur within the quadrat, You repeat this procedure several times in
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each habitat. The issue of choosing random locations is very important for any
type of statistical analysis. Without more complicated methods, such as strati-
fied sampling, randor ion is the only safeguard to ensure that we have a rep
resentative sample from a papulation (see Chapler 6).

The spatial scale of the sampling determines the scope of inference. Strictly
speaking, this sampling design will allow you 1o discuss differences between for-
est and field ant densities only at this particular site. A betier design would be 1o
visit several different forests and fields and sample one quadrat within each of
them. Then the conclusions could be more readily generalized. 1

Table 5.1 illustrates the data in a spreadshect. The data are arranged in a table,
with labeled rows and columns. Each row of the table contains all of the infor-
malion on a particular observation. Each column of the table indicates a dif.
ferent variable that has been measured or recorded for cach abservation. In
this ease, your original intent was to sample 6 field and 6 forest quadrats, but the
field quadrats were more time-consuming than you expected and you only man-
aged to collect 4 field samples. Thus the data table has 10 rows (in addition to
the first row, which displays labels) because you collected 10 different samples
(6 from the forest and 4 from the field). The table has 3 columns, The first col
umn contains the unique 1D number assigned 1o each replicate. The other
columns contain the two pieces of information recorded for each replicate: the
habitat in which the replicate was sampled (field or farest); and the number of
ant nests recorded in the quadrat.!

| "

Many statistics texts would show these data as two columns of numbers, one for forest
and one for field, However, the layout we have shown here is the one that is recognized
maost commaonly by statistical software for data analysis.




A Monte Carlo Analysis

TABLE 5.2 Summary statistics for the sample data'in Table 5.1

Habitat "7 > - N Mean - - Standard deviation ;<7
Furest & ' 7.00 219
Ficld 4 10.75 1.50

Following the procedures in Chapter 3, calculate the mean and standard devi-
ation for each sample (Table 5.2). Plot the data, using a conventional bar chart
of means and standard deviations (Figure 5.1), ot the more informative box plot
described in Chapter 3 (Figure 5.2).

Although the numbers'collected in the forest and field show some overlap,
they appear to form two distinct groups: the forest samples with a mean of 7.0
nests per quadeat, and the field samples with a mean of 10.75 nests per quadrat.
On the other hand, our sample size is very small (n = 6 forest and n = 4 field
samples). Perhaps these differences could have arisen by chance or random sam-
pling. We need to conduct a statistical test before deciding whether these dif-
lerences are significant or not. o

Monte Carla Analysis

Maonte Carlo analysis involves a number of methods in which data are ran-
domized or reshuffled so that observations are randomly reassigned to differ-

1 nestsfsample

Ficld

Hangrar ence in means berween the groups,

Figure 5.1 Standard bar chart for samale data in
Table 5.1. The height of the bar is the mcan of the sam-
ple and the vertical line indicates one standard devia-

£ . tion above the mean. Monte Carlo, parametric, and
Forest Bayesian analyses can all be used to evaluate the differ-

the eent
data. The b
Do indic

es the 75

data, and the botton

centile {lower g

extend 1o the upper and liwer deciles (90h and 10
percentiles). For the fichd sample, there are so
that the 75th and 90th percen
data have asymmetric distribanions or oulicrs, oy

plots may be mare i

graphs such as Figure 5.1

ure 5.2 oy plot ol
e w

rile} af the data, The v

ain Tal
the
of the data. The top of the .

S0 0 aboy 15

w18 the median of the

stile fugpor quartibe) of the
the box § the 251h per- -
i

indic

1 lincs

1
1a

e el ot dliffer, W

ormative than standard bar

e

Ficld - Foremt
Hamiar

ent treatments or groups. This randomization” specifies the null hypothesis
the data’ is no different from that which

under considerat
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we would expect if the observations were assigned randomly to the different
groups. There are four steps in Monte Carlo analvsis:

1. Specify a test stal or index to deseribe the pattern in the data.

2. Create a distribution of the test statistic that would be cxpected under
the null hypothesis b

3. Decide on a one- or two-tailed test.

4. Comparc the observed test stalistic to a distribution of simulated values
and estimate the appropriate P-value as a tail probability (as described
in Chapter 3).

* Some statisticians distinguish Monte Carlo methods, in which samples are drawn from
a known or specified statistical distribution, rom randomization tests, in which existing
data are reshulffled but no assumptions are made about the underlying distribution. In.
this book, we use Monte Carlo methods 1o mean randomization tests. Another setol
methods includes bootstrapping, in which statistics are estimated by repeatedly sub-
sampling with replacement from a dataset. 5till another set of methods includes jack-
knifing, in which the variability in the dataset is estimated by systematically deleting
each observation and then recalculating the statistics (see Figure 9.8 and the section
“Discriminant Analysis™in Chapter 12). Monte Carlo, of course, is the famous gambling
resort city on the Riviera, whese citizens do not pay taxes and are forbidden from enter-
ing the gaming rooms.




Monte Carlo Analysis

Step 1: Specifying the Test Statistic '
For this analysis, we will use as » measure of pattern the absolute difference in
the means of the forest and field samples, or DIF:

DIF,,, =[10.75 - 7.00] = 3.75

The subscript “obs" indicates that this DIF value is calculated for the observed
data. The null hypothesis is thata DI, ‘equal to 3.75 is about what would be
Xy I by random sampling. The alternative hypothesis would be thata DIF,,
equal to 3.75 is larger than would be expected by chance.

Step 2: Creating the Null Distribution

Next, estimate what DIF would be if the null hypothesis were true. To do this,
e the computer (or a deck of playing cards) to randomly reassign the forest
andl field labels to the dataset. In the randomized dataset, there will still be 4 field
and 6 forest samples, but those labels (Field and Forest) will be randomly reas-
signed (Table 5.3). Notice that in the randomly reshuffled dataset, many of the
observations were placed in the same group as the original data. This will hap-
pen by chance fairly often in small datasets. Next, calculate the sample statistics
lor this randomized dataset ( Table 5.4). For this dataset, DIE;, = 7.75-9.00]

1.25. The subscript "sim” indicates that this value of DIF is calculated for the
randomized, or simulatcd'. data,

In this first simulated dataset, the difference between the means of the two
groups (DIF,, = 1.25) issmaller than the difference observed in the real data
(DIF,, = 3.75). This result suggests that means of the forest and field samples
may differ more than expécted under the null hypothesis of random assignment.
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Step 4: Caleulating the Tail Probability .

ravalue more

The final step is 1o estimate the prabability of obtaining 1)
extreme, given that the null hypothesis is true [M{datalH,)]
the set of simulated DIF values (plotted as the histogram in Figure 5.3), and tally
up the number of times that the DIF , was greater than, equal to, or less than
each of the 1000 values of DIF;,

In 29 of 1000 randomizations, DIF, = DIF, , so the pr
Ing DIF, under the null hypothesis is 29/1000 = 0.029 (Table 5.6). However,
when we calculate a statistical test, we usually are not interested in this exact
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that the null hypothesis is true. In 7 of 1000 randomizations, DIF,, > DIF,,
I'his, the probability that DIF ,, 2 3.75is (7 4 29)/10
ability is the frequency of obtaining the observed value (29/1000) plus the i
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TABLE 5.6 Calculation of tail proba-
bilities in Monte Carlo analysis
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Comparisons of DIE,, (absolute difference in the mean of the
two groups in the original data) with DIF,, (absolute ditference
he mean of the two groups after ra ndomizing the group

DIE, 2 DIE, I
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[ AR it M| g ) N is the number of simulations (ot of 1000) for
* which the Inequallty vwas oblalned, Decause -
DIF;, > DIF,, 7 7+ 29 = 36 trials out of 1000, the tail probability w
DIF,, = DIF,, 9 Ihypothesis of finding DIF,,, this extreme is 36/1000 = 0.035,
IR, < DIF,, 964

Follow the procedures and interpretations of P-values that we discussed in
Chapter 4. With a tail probability of 0.036, it is unlikely that these data would
have occurred given the null hypothesis is true,

Assumptions of the Monte Carlo Method

Morite Carlo methods rest on three assu mptions: .
1. The data collected represent random, independent samples.
2. The test statistic describes the pattern of interest,

3. The randomization creates an appropriate null distribution for the
question, *

Assumptions | and 2 are common to all statistical analyses. Assumption | js
the most critical, but it is also the most difficult to confirm,

as we will discuss
in Chapter 6. Assumption 3 is eas

¥ to meet in this case. The sampling structure
and null hypothiesis being tested are very simple. For more complex ques- -
tions, however, the appropriate randomization method may not be obvious,

and there may be-more than one way to construct the null distribution (Gotelli
and Graves 1996).

Advantages and Disadvantages of the Monte Carlo Method

The chief conceptual advantage of the Monte Carlo method is that it makes clear
and explicit the underlying assumptions and the structure of the

null hypothe-
sis. [n contrast, conventional

parametric analyses often gloss over these features,
perhaps because the methods are so familiar. Another advantage of the Monte

Carlo miethod over parametricanal ysis is that it does not require the

assumption
that the data are

sampled from a specified probability distribution, such as the
normal. Finally, Monte Carlo simulations allow you to tailor your statistical test
to particular questions and datasets, rather than having to shoehorn them into
aconventional test that may not be the most powerful method for your question,
or whose assumptions may not match the sampling design of your data,

The chief disadvintage of the Monte Carlo method is that
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Parametric Analysis

Parametric analysis refers to the large body of slntlsllcal tests and theory built
on the assumption that the data being analyzed were sampled from a specified
distribintion, Most statistical tests familiar 1o ecologists and environmental sci-
entists specify the normal distribution. The parameters of the distribution (e.g.,
the population mean j and variance 6°) are then estimated and used to calcu-
late tail probabilities for a true null hypathesis. A large statistical framework has
been built around the simplifying assumption of normality of data, As much
as 80% 10 90% ol what is taught in standard statistics texts falls under this
umbrella. Here we use a common parametric method, the analysis of variance
(ANOVA), 1o 1est for differences in the group means of the sample data.* There
are three steps in parametric .'m:ll) sis:

Spcuf) the test statistic.
2. Specily the null distribution.
3. Cilculate the tail probabil

Step 1: Specifying the Test Statistic

Parametric analysis of variance assumes that the data are drawn from a normal,
or Gaussian, distribution. The mean and variance of these curves can be esti-
mated from thie sample data (Table 5.1) using Equations 3.1 and 3.9. Figure 5.4
shows the distributions used in parametric analysis of variance, The original
data are arrayed on the x-axis, and eachrcolor represents a different habitat {black
circles for the forest samples, green circles for the field samples).

3 The framework for modern parametric statistical theory was large-
Iy developed by the remarkable Sir Ronald Fisher (1890-1962], and
the F-ratlo Is named In his honor (although Fisher himself felt that
the 13tio needed further study and refinement). Fisher held the Bal-
four Chair in Genetics at Cambridge Unlversity from 1943 10 1957
and made fundamental contributions te the theory of population
tics and evolution. In statistics, he developed the analysis of
ce (ANOVA) to analyze crop yields in agricultural systems, in
which it Anay be difficult or impossible 1o replicate Many
of the same constraints face dcologists in the design of their experiments 1oday, which
is why Fisher's methods continue ta be so useful. His classic book, The Design of Experi-
ments [1935) is still enjoyable and worthwhile reading. It is ironic that Fisher became
uneasy about his own methods when dealing with experiments he could design well,
whereas today many ecologists apply his methods to ad hoc observations in poorly
designed natural experiments (see Chapters 4 and 6). (Photograph courtesy of the
Ronald Fisher Memorial Trust) 3

Sir Ronold Fisher
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Ant nest entranz tfaample

Figure 5.4 Normal distributions based on sample d n Tabile 5.1 The
data in Table 5.1 are shown as symbals (black circles, forest sample
eircles, field samples) that indicate the number of ant nests counted
each quadrat. The null hypothesis is that all the data were drawn from the
same population whose normal distribution is indicated by the dashed
line, The alternative hypothesis is that each habitat has its own distinet
mean (and varianee), indicated by the two sima mal distributions.
The smaller the shaded overlap of the two dist the Jess likely it is
that the null hypothesis is true. Measures of variation among and withirs
groups are used 1o ealeulale the F-ratio and 1est the null hypothesis

reen

First consider the null hypothesis: that both sets of data were drawn from a
‘single underlying normal distribution, which is estimated from the mean and
variance of all the data (dashed curve; mean = 8.5, standard deviation = 2.54).
The alternative hypothesis is that the samples were drawn from two different
populations, cach of which-can be characterized by a different normal distri-
hutions, ane for the forest and one for the ficld. Each distribution has its own
mean, although we assume the variance is the same (or similar) for each of the
two groups. These two curves are also illustrated in Figure 5.4, using the sum-
mary statistics calculated in Table 5.2
How is the null hypothesis tested? The closer the two curves are for the for

est and field data, the more likely the data would be collected given the null
hypothesis is true, and the single dashed curve best represents the data. Con-
versely, the more separate the two curves are, the less likely it is that the data rep-
resent a single populati
lap between these two distributions (shaded in Figure 5.4} should be a meas

ith a common mean and variance. The area of over-

ure of how close or how far apart the distributions are.
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Step 2: Specifying the Null Distribution

Paramctric ;

Fisher's contribution was to quantify that overlap as a ratio of two variables,
The first is the amount of variation among the groups, which we can think of
as the variance {or standard deviation) of the means of the two groups. The sec-
ond is the amount of variation within each group, which we can think of as the
variance of the observations around their respective means, Fisher's F-ratio can
be interpreted as a ratio of these two sources of variation:

v 1 . »e 1 !
within groups) { variance within groups

LA A
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In Chapter 10, we will eplain in detail how 1o calculate the numerator and denom-
inator of the F-ratio, For now, we simply emphasize that the ratio measures the
relative size of two sources of variation in the data: variation among groups aned
within groups. For these data, the F-ratio is calculated as 33,75/ 3.84 = 8.78.

" ln an ANOVA, the F-ratio is the_test statistic that describes (as a single num-
ber) the pattern of dilferences among the means of the different groups being
compared.

The null hypothesis is that all the data were drawn (rom the same population,
s0 that any differences between the means of the groups are no larger than would
be expected by chance. If this null hypothesis is true, then the variation among
groups will be' small, and we expect 1o find an F-ratio of 1.0. The F-ratio will be
correspondingly larger than 1.0 if the means of the groups are widely separal-
ed (large among-group variation) relative to the variation within groups.® In
this example, the observed F-ratio of 8.78 is almost 10 times larger than the
expected value of 1.0, a result that seems unlikely if the null hypothesis were true.

Step 3: Calculating the Tail Probability

The P-value is an esti of the probability of abtaining an F-ratio = 8.78, given
that the null hypothesis is true. Figure 5.5 shows the theoretical distribution of
the F-ratio and the observed F-ratio of 8.78, which lies in the extreme right hand
tail of the distribution. What is its tail probability (or P-value)?

As in Monte Carlo analysis, there is the theoretical possibility of obtaining an F-ratio
that is smaller than expected by chance. In such a case, the means of the groups are
unusually similar, and differ less than expected if the null hypothesis were true. Unusual-
Iy small F-ratios are rarely seen in the ecological literature, although Schiuter (1990)
used them as an index of species-for-species matching of body sizes and community
convergence, |

0.0006 -

0.0004 -

0.0002 -} B
] Dbserved value: F = B.76
\ Critical value: F = 5.32 Ol [ ed value
®

erved F-ratio, the more
) value for this distri
ond this peint is equal b of the
o of 576 lies beyond the crith 1
ability of Plant
W of the
this

Prol

ical Fidigtribution. The larger |I.|.<-
hypothesis were Lrue The cr

I.ig"'l'rcl. ?"—Sw ..-r.}:frw if the null
L e
':.I:I:C.:';:‘;(l::\cli!r_‘l'l'ﬁ;:::ll I‘chl-r{::hr(iﬂ <005 In {.‘rl.-il:h:“.—“(:T\..‘-”l:ll]" I
dta [l byporhes) = D016, e 0 e he core, Compa
T:;\-:Ill 2 lh‘r.’]""-l\'n]n!'.n.f ©.036 from the Mante Carlo analysis (Figure 5.3).

0 5

as the probability mass of the F-ratio

The P-v is F-ratio is calculated i
ke s greater than the observed I

istributi ? he curve) equal 1o or
distribution (or area under 1 cu ) e ol
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than B.78 (given two groups and a 1otal N of 10) equals 0.018. J\Is the . i :
saller thar 05, we consider it unlikely that such a Jarge F-ratio would occur

s an 0.
sl the null hypothesis that our data were sampled

by chance alone, and we reject

from a single population.
Assumptions of the Parametric Method

There are lwo assumplions for all parametrni analyses

endent samples
The data collected represent random, independent samj

2. The data were sampled from a specified distribution.
A iped £ . : -
As we noted for Monte Carlo analysis, the first assumplion of random, in :

iy e i i d 'si he second
sendent sampling is always the most important in any analysis TIII i
: umption is usually satisfied because normal (bell-shaped) distributions :
asy y satis

ublguitous and urn up frequently in the real waorld.
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Paranietric Analysis

Specilic parametric tests usually include additional assumptions. For exam-

ple, ANOVA further assumes that variances within each group being com-

pared are equal (see Chapter 10). f sample. sizes are lacge, this assumption ¢
be modestly violated and the results will still be robust, However, if sample sizes
are small (as in this example), this assumption is more important.

Advantages and Disadvantages of the Parametric Method

The advantage of the parametric method is that it uses a powerful framework
based on known probability distributions. The analysis we presented was very
simple, but there are many parametric tests appropriate for éomplex experi-
mental and sampling designs (see Chapter 7).
Although parametricinalysis is intimately associated with the testing of
statistical null hypothesés, it may not be as powerful as sophisticated Monte
Carlo models that are tailored to particular questions or data, In contrast to
Bayesian analysis, parametric analysis rarely i incorporates a priori information
or results from other experiments. Bayesian analysis will be our next topic—
alter a brief detour into nonparametric statistics.

Non-Parametric Analysis: A Special Case of Monte Carlo Analysis

Mon-parametric statistics are based on the analysis of ranked data. In the ant
example, we would rank the observations from largest to smallest and then
calculate statistics based on the sums, distributions, or other synthetic measures

of those ranks. Non-parametric analyses do not assume a specified parametric .

distribution (hence the name), but they still require independent, random sam-
pling, (as do all statistical analyses). A non-parametric test is in essence a Monte
Carlo analysis of ranked data, and non-parametric statistical tables give P-values
that would be obtained by a randomization test on ranks. Thus, we have already
described the general ratiohale and procedures for such tests,

Although they are used commonly by some ecologists and environmental sci-
entists, we do not favor non-parametric analyses for three reasons. First, using
ranked data wastes information that is present in the original observations. A
Monte Carlo analysis of the raw data is much more informative, and often more
powerful. One justification that is offered for a non-parametric analysis is that
the ranked data may be more rabust to measurement error. However, if the orig-
inal observations are so error-prone that only the ranks are reliable, it is prob
ably a good idea to re-do the experiment using measurement methods that offer
greater accuracy, Second, relaxing the assumption of a parametric distribution
(¢.g.. normality) is not such a great advantage, because parametric analyses often
are rabust to violations of this assumption (thanks to the Central Limit Theo-
rem). Third, non-parametric methods are available only for extremely simple

ding st

porate covariates or bl

tures, We | d that virtually ,1’1 needs for statistica _\u(\rt‘ml gica
and eawironmental data can be met by parametric, Monte Carlo, or Bayesian
approaches.

Bayesian Analysis

Bavesian analysis is the third major framewaork for data analysis. Scientists often
believe that their methods are “objective” because they treat each experiment
blank slate): the simple statistical null hypathesis of random

tabula ra
variation reflects ignorance about cause and effect. In our example of ani nest
densities in forests and fields, our null hypothesis is that the two are equal, or
that being in forests and fields has no consistent effect on ant nest dens

sand

1t is possible that no one has ever investigated ant nests in fore:
ficlds before, it is cxtremely unlikely; our reading of the literature on ant biolo-
gy prompled us to conduct this particular study. So why not use data that already

exist to frame our hypotheses? If our only goal is the hypothetico-deductive one
of falsification of a null hypothesis, and if previous data all suggest that forests
and fields differ in ant nest densities, it is very likely that we, too, will
null hypothesis. Thus, we needn’t waste time or energy doing I||c_ study yet

Bayesians argue that we could make more progress by .‘pmg,-mg ‘hc.nhm Ve
difference (e.g. ressed as the DIF or the F-statistic described in lnr. previ
ous sections), and then using our data to extend earlier resulls of other inv
gators. Bayesian analysis allows us to do just this, as well as to quantify the prob
:'ﬂri:'i‘y of the observed difference. This is the most important difference between
Bayesian and frequentist methods.

There are six steps in Bayesian inference:

. Specify the hypothesis
pecify parameters as random variables

3. Specify the prior probability distribution

4. Caleulate the likelihood.

5. Calculate the posterior probability distribution
6. Interpret the results.

Step 1: Specifying the Hypothesis
The primary goal of a Bayesian analysis is to determine the probability of the
hypothesis given the data that have been collected: P(H|data). The hypothesis
needs to be quite specific, and it needs 1o be quantitative. In our parametric analy-
sis of ant nest density, the hypothesis of interest (i.c., the aliernative hypothesis)
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was that the sanples werd drawn (rom two populations with different means and
equal variances, one for'the torest and one for the field, We did not test this
hypothesis directly. Instead, we tested the null hypothesis: the observed value of
F was no larger than thatexpected if the samples were drawn from a single pop-
ulation. We found that the observed F-ratio was improbably large (P = 0.018),
and we rejected the null hypothesis.

We couldl specify more precisely the null hypothesis and the alternative
hypothesis as hypotheses about the value of the F-ratio. Before we can specify
these hypotheses, we need to know the critical value for the F-distribution in
Figure 5.5, In other words, how large does an F-value have to be in order to have
a P-value £0.05?

For 10 observations of ants in two groups (field and forest), the critical value
of the F-distribution (i.e., that value for which the area under the curve equals
3% of the total area) equals 5.32 (see Figure 5.5). Thus, any observed F-ratio
greater than or equal to 5.32 would be grounds for rejecting the null hypothe-
sis, Remember that the general hypothetico-deductive of the proba-
bility of the null hypisthesis is P{data | Hy). In the ant nest example, the data
result in an F-ratio equal to 8.78. If the null hypothesis is true, the observed F-
ratio should be 2’ random sample from the F-distribution shown in E‘ILLIH_‘ 5.5:
Therefore we ask what is P(F 8.78 | Fippmien)? y

[n contrast, Bayesian analysis proceeds by inverting this probability statement:
what is the probability of the hypothesis given the data we collected [B(H | data) 2
“Theant nest data can be expressed as F = 8.78. How are the hypotheses expressed-
in tees of the F-distribution? The null hypothesis is that the ants were sampled
from a single population. In this case, the expected value of the F-ratio is small
(F < 5.32, the critical value). The alternative hypothesis is that the ants were sam-
pled from two populations, in which case the F-ratio would be large (F = 5.32).
Therefore, the Bayesian analysis of the alternative hypothesis calculates
P(F235.32| By, =8.78). By the First Axiom of Probability, P(F <5.32 | E el =
1-HE25 P | }“,,‘

A maodification of Bayes’ Theorem (introduced in Chapter 1) allows us to

directly calculate P{hypothesis | data):

P[hypo!hesas)!-’(d:tn [ hypolhem}
4 P(dnl'l] b

I’(l\ypu:hcsts [d’a{a} (5.2)

In Equation. 3.2, P(hypothesis| data) on the left-hand side of the equation is
called the posterior probability distribution (or simply the posterior}, and is
the quantity of interest, The right-hand side of the equation consists of a
fraction. In the numerator, the teem Plhypothesis) is referred to as the prior

CUATERS  Thre far Mat

shability of

probability distribution {or simply the prior), and is the probability of the

hypothesis of interest before you conducted the experiment The next term in
o

the numeratar, P(data | hypothesis), is referred to as the likel Il]mc-d of the data;

p the data given the hypothesis. " The denom

it reflects the probability of observ he
inator, P(data) is a normalizing constant that reflects the probability of the

data given all possible hypotheses.” Becausc it is simply a normalizing constant

(and so scales our posterior probability to the range [0,1]),

Phypothesis | data)es P(hypothesis}(data | hypothesis)

(where e mgans “is propartional 10”) and we can focus our attention on the

numerator. i

Returning to the ants and their F-ratios, we focus on P(F 2 5.32 | Fop, = 8.78).
We have now specified our hypothesis quantitatively in terms of l|\€ lchum.
ship between the F-ratio we observe (the data) and the eritical value of F 2
5.32 (the hypothesis). This is a more precise hypothesis than the hypothesis dis-

* Fisher developed the concept of likelihood a3 a response o his d‘smmrur: with
Bayesian methods of inverse probability:

What has now appeared, is that the mathematical concept ol’nml‘mffJfl.'yas inade-
quate to express our mental confidence or diffidence in making such inferences.
and that the mothematicol quantity which appears to be appropriate far measur
ing our mduorp.rcf:n ACE aMong Lrll’fctw possible populations does not in fac!
obey the laws of probability. To distil hit from probability, | hove used the term
‘Likelihood to designate this quantity. {Fisher 19?5. p a0l

The likelihood is written as L{hypothesis | data) and is directly proportional (but not
equal 1) the probability of the observed data given the hypothesis of interest: Lihypoth-
esis | data) = cPidata,y, | hypothesish. In this way, the likelihood diflers lrom a [reql!f_‘ullﬂ
P-value, because the P-value expresses the probability of the infinitely many pu&\lhl.!‘
samples of the data given the statistical null hypothesis (Edwards 1992). Likelihood is
used extensively in information-theoretic approaches 1o statistical inference (e.g.
Hilbarn and Mangel 1997; Burnham and Anderson 2002),and it is 2 central part of
Bayesian inference. However, likelihood does not follow the axioms of pr obability.
Because the |, of probability is a more consi way of expressing our confi-
dence in a particular outcome, we feel that statements Oflht‘.pl ?b1k\|lullps of d|ffc.!cn.r
hypaotheses (which are scaled between 0 and 1) are more easily imerpreted than lkeli-
hoods (which are not).

FThe denominator is calculated as

[ PH ) pidaral )1
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cussed in the previous two sections, that there is a difference between the den-
sty ol ants in lields amd in forests, ;

Step 2:

specifying Parameters as Random Variables

A second fundamental difference between Il'ncqucnlist analysis and Bayesian
analysis is that, in a frequentist analysis, parameters (such as the true popula-
ton means p, . and e, their standard deviations o, or the F-ratio) are fixed.
In other words, we assume there is a true value for the density of ant nests in
fields and forests (or at least in the field and forest that we sampled), and we esti-
mate those parameters from our data. In contrast, Bayesian analysis considers
these parameters to be random varinbles, with their own associated parameters
(e, means, variances). Thus, for example, instead of the population mean of
ant colunies in the lield being a fixed value Wy the mean could be expressed
as a normal random variable with its own miean and variance: Hgaga ~ N(A,0%).
Note that the random variable representing ant colonies does not have to E:e nor-
il The type of random variable used for each population parameter should
reflect biological reality, not statistical or mathematical convenience. In this
example, however, it is reasonable to describe ant colony densities as normal ran-
dom variables: pe ., ~ NAg,,0%), TP L T o H ]

Step 3: Specifying the Prior Probability Distribution

Because our parameters are random variables, they have associated probability
distributions. Out unknown population means (the Agggand A terms) them-
selves have normal distributions, with associated unknown means and variances.
To do the calculations required by Bayes' Theorem, we have to specify the prior
probuability disty s for these parameters—that is, what are probability dis-
tributions for these random variables before we do the experiment??

Hi

! The specification of priors is a fundamental division between frequentists and
Bayesians. To a frequentist, specifying a prior reflects subjectivity on the part of the
Investigator, and thus the use of a prior is considered unscientific. Bayesians argue that
specifying a prior makes explicit all the hidden assumptions of an investigation, and o
'1i% a more honest and objective approach to doing science. This argument has lasted
for centuries (see reviews in Effron 1986 and in Berger and Berry 1988), and was one
teason for the marginalization of Bayesians within the statistical community. However,
the advent of medern computational techniques allowed Bayesians 1o work with whnine
lormative priors, such as the ones we use here. It tuens out that, with uninformative pri-
ors, Bayesian and lrequentist results are very similar, altheugh their final interpretations
remain different. These findings have led to a recent renaissance in Bayesian statistics,
although simple and easy-to-use software is still lacking. 3

tical Smal

L PTER 5 Three Fram

an comb

We have two basic choices for specifying the prior. First, we
analyze data in the literature, talk 1o experts, and come up with reas
Torests. Allernatively, we ¢

estimaltes for the density of ant nests in fields an
use an uninformative prior, for which we initially estimate the density of am
nesls 1o be equal 1o zero and the variances 1o be very large. (In this example, we
set the population variances 1o be equal 1o 100,000.) Using an uninformative
prior is equivalent to saying that we have no prior information, and that the
mean could take on virtually any valie with roughly equal probability.'" OF

eourse, if you have more information, you ean be more specific with your prior
Figure 5.6 illustrates the uninformative prior and a (hypothetical) more inform-
ative one,

Similarly, the standard deviation o for i,
ability distribution. Bayesian inference v
distribution'! for the variances; as with the priors on the means, we use an unin-
formative prior for the variance. We write this symbolically as o7 - 1G(1,000,
1,000) (read "the variance is distributed as an inverse gamma distribution with
parameters 1,000 and 1,000). We also calculate the precision of our estimate of
variance, which we symbolize as 1, where 1= 1/a%. Here Tis a gamma random
variable (the inverse of an inverse gamma is a gamma), and we write this sym-
bolically as 1 = I'(0.000, 0.001) (read “tau is distributed as a gamma distribu-
tion with parameters 0.001, 0.001"). The form of this distribution is illustrat-

gand p o also has a prior prob-

ly specifies an inverse gamma

"you might ask why we don't use a uniform distribution, in which all values have equal
probability. The reason is that the uniform distribution is an improper prior. Because the
integral of a uniform distribution is undefined, we cannot use it 1o calculate a posterior
distribution using Bayes Theorem. The uninformative prios N(0,100,000) is nearly uni-
form over a huge range, but it can be integrated. See Carlin and Louis (2000) for further
discussion ef improper and uninformative priors

HThe gamma distribution for precision and the inverse gamma distribution for vari-
ance are used for two reasons, First, the precision {or variance) needs to take on only
positive values. Thus, any probability density function that has only positive values
could be used for priors for precision or varance. For continuous variables, such distri-
butions include a uniform distribution that is restricted to positive numbers and the

gamma distribution. The gamma distribution is somewhat more flexible than the uni-
form distribution and allows for better incorporation of prior knowledge” e
Second, before the use of high-speed computation, most Bayesian analyies were

done using conjugate analysis. In a conjugate analysis, a prior probability distribution is
sought that has the same form a5 the' pasigrior probability distribution. This convenient
mathematical properiy allaws',fg: clpsed-form {analytical) solutions 1o the complex inte-
gration involved in Bayes Thearem. For data that age normally distributed, the conju-
gate prior for the parameter lhai specifies the mean is a normal distribution, and the . g
conjugate prior for the parametegthat specifies the precision (= 1/variance) is a gamma
distribution. For data that are d!’a\;m from a Poissoidistribution, the gamma distribu-

F ¥




0004 4
LA -
0002
0001
|\/l‘9 100,000}
0,000 T — T T 1
= 4000 ~2000 0 2000 A0

A

Figure 3.6  Prior probability distributions for Bayesian analyis. Bay
requires specification of prior probability distributions for the statistical parameters of
interest. In this analysis of the data in Table 5.1, the pprameter is average ant density, b

We begin with a simple uninformative prior probability distribution that average ant
density is deseribed by a normal distribution with mean 0 and standard deviation of
100,000 (green curve). Becauss the standard deviation is o large, the distribution is

nearly uniform over a large range of values: between 1500 and +1500, the probabilicy

is essentially constant (~0.0002), which is appropriate o an uninformative prive. The <. > ¢
black curve represerits a more precise prior probability distribution. Because the stan-

dard deviation is much smaller (100), the probability is no longer constant over a larg-

er range of values, but instead decreases more sharply at extreme values.

tion is the conjugate prior for the parameter that defines the mean (or rate) of the Pois-
son distribution, For further discussion, see Gelman et al, (1995).

The gamma distribution is a two-paraméter distribution, written as [a,b), where a is
referred to the shape parameter and b is the scale parameter. The probability density
function of the gamma distribution is

P[x):%

where [a) i5 the gamma funcfjon Fn) = {n - 1)t for integers n > 0. More generally, for
real numbers z the gamma function is defined as

-1
M= [In :] de |

The gamma distribution has expected value E(X) = a/b and variance = a/b?, Two distri-
butions used commaonly by statisticians are special cases of the gamma distribution.
The x? distribution with v degrees of freedom is equal to T(w/2,0.5). The exponential
distribution with parameter [ that was discussed in Chapter 2 s equal to T{1,f3).

Finally, if the random variable 17X — I'a,b), then Xis said to have an inverse gamma
(1G] distribution. To obtain an-uninformative prior for the variance of a normal random
variable, we take the limit of the IG distribution as a and b both approach 0.This is the
reason we use o = b = 0,001 as the prior parameters for the gamma distribution describ-
ng the precision of the estimate.

10t for x50
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our estimate of v

We now have our priar probability distiibutions.”
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specify P(hypothesis) in the numerator of Equation

5.2, 1M we had real prior information, such as the density of ant nests in other

fields and forests, we could use those values 1o more accurately specily the expect

ed means and va

Plgure 5.7 Unin
probability distribut
precision (= 1/variance) Rayesian
Inference requires not only a
specification of a prior distribu-
Vi for the mean of the variable
(Figure 5.6), but also a specifica-
thon for the precision (= Livari-

mative prior
n for the

ance). Rayesian inference usually
specifies an inverse gamma distri-
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the distribution of the means, an
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eiers 1000 and 1000; o7 -
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Step 4: Calculating the Likelihood ;

The other quantity in the numerator of Bayes' Theorem (Equation 5.2) is the
likelihousd, Pdatd, | hypothesis). The likelibood is n distribution that is pro-
portional to the probability of the observed data given the hypothesis.' Each
parameter &, and © of our prior probability distribution has its own likelihood
function, In other words, the different values of &, have likelihood functions
that are nurmal random vaciables with means equal to the observed means (heve,
7 d 10.75 ant nests per quadrat in the

7 ant nests per quadrat in the forest
ficld; see Table 5.2). The variances are equal to the sample variances (4.79 in
the forest and 2.25 in the field), The paranveter © has a likelihood function that
is an inverse gamma random va ble. Finally, the F-ratio is an F-random vari-
able with expected value (or maximum likelihood estimate) equal to .78 (cal-
culated from the data using Equation 5.1}

Step 5: Caleulating the Posterior Probability Distribution

To calculate the posterior probability distribution, P(H | data), we apply Equa-
tion 5.2, multiply the prior by the likelihood, and di

e by the normalizing con-

stant (or marginal likeliliood). Although this multiplication is straightforward

for well-behaved distributions like the normal, computational methods aré used

2 There is a key difference b the likelihood function and a probability distribu-
tion. The probability of data given a bypothesis, Pdata | H), is the probability of any set
of random data given a specific hypothesis, usually the statistical null bypothesis. The
assoclated probahbility density function (see Chapter 2) conforms to the First Axiom of
Probability—that the sum of all probabilities = 1.In contrast, the likelihood is based on
only ane dataset (the observed sample} and may be calculated for many different
hypoth or 1. Although it is a function, and results in a distribution df val-
wes, the distribution is not a probability distribution, and the sum of all Iik?liho;adﬁ does
nat necessarly sum to 1.

" The maximum likelihood s the value for our p that imizes the likelihood
function. To obtain this value, take the derivative of the likelihood, set it to 0, and solve for
the parameter values. Frequentist parameter estimates are usually equal to maximume
likekihood esti for the 5 of the specified probability density functions.
Fisher claimed, in his system of fiducial inference, that the maximum:-likelihood estimate
gave a realistic probability of the alternative (or null) hypothesls. Fisher based this claim
an a statlstical axlom that he deflned by saying that given observed data ¥, the likell-
hood function LIH| ¥) contains all the relevant information about the hypothesis H, We
do not discuss maximum likelihood estimates any further, as (a) medern computation
techniques normally provide them in lieu of asymptotic values for frequentist statistics;
and (b} Bayesians use the entire likelihood function in their calculations. Far further re
ing on likelihood methods, see Berger and Wolpert (1984) and Edwards (1992).
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10 iteratively estimate the posterior distribution for any prior distribution (Car

lin and Louis 2000). . .
In contrast 1o the results of a parametric or Monte Carlo analysis
of a Bavesian analysis is a probability distribution, not 2 single P-value. Thus, m
A we ckpress PIF = 5.32| Fi,) 25 a rondom variable with expected

he data in Table 5.1, we cal
o’ (= 1/7) (Table 5.7). Becausc we used unin-
nates far the Bayesian and parametric analy

. the result

this e

ample e

ulated posierior estimates

ance. For

mean and v,
for all the'y
farmative priors, the parameter ¢

ArAMElers: Mg e

ses are similar, though not identical. >

The hypothesized F-distribution with expected value equal 1o 5.32 15 shown
inF 5.8.° (F25 : we si sd 20,000 F-ratios using
in Figure 5.8. To compuie P(F 2 5.32 | F, ), we simulated 20,000 F-ratios using
¢, or expected value, of all of these F-ratios

a Monte Carlo algorithm. The ave b :
is 9.77; this number is somewhal larger than the frequentist (maximum likeli-
hood) estimate of 878 because our sample size is very small (N = 10). The spread

; e rel
about the mean is large: SD = 7.495; henee the precision of our estimate s rel-

atively low (0.017)

Slcpﬁ:llllclpk(‘linpIi\:]{tail]l.‘ .
We now réturn ta the motivating question: What is the probability of oblaining
an F-ratio 2 5. ity . ;
how probable is it that the mean ant nest densitics in the two habitats really lh.F-
fert We can answer this question directly by asking what percentage of \'.1I.‘uc_x in
Figure 5.5 are greater than or equal 1o 5.32. The answer 15(.?.3%.. This doesn't look
quite as convincing as the P-value of 0,018 {1.8%) obtaincd in lh.r‘ ]1‘1“1.111:c|(|n.
analysis in the previous section. In fact, the percentage of values in Figure 5.7
{liat are = 878, the obscrved value for which we found P= 0.018 in the paramel-
ric analysis section, is 46.5. In other words, the Bayesian analysis (Figure 5.8) indi

given the data on ant nest density in Table 5.17 In other wards,

s and standard

¢ and llayesian estimators for the mea

£ 5.7 Parametr
tions af the data in Table 5.1

formed prim‘] -_ _b 6.

I\.ﬂy_r_"ian (informed pr Iﬂ.?_-‘l-_ 1.01 1.02

The standard deviation estimators from the Bapesian anal

s ase slightly smaller bee:
\he Bavesian analysis incarparates infarmation from the prior prohability distriwtion

r ™ i b
Ravesian analysis may give different results, depending on the shape of the priar distribu
tion and the sample size.
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= Hypothetical value of F = 5.32
b Observed value of F = 9.77
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Figure 5.8 Hypothesized F-listributivn with an expected value of 9.32, We are
interested in determining the probability of F 2 5.32 (the critical value for P < 0.05
ina standard F-ratio test), given the data on ant nest densities in Table 5.1, This is
the inverse of the traditional null hypothesis, which asks: what is the probability of
obtaining the data, given the null hypothesis? [n the Bayesian analysis, the posterior
probability of F 2 5.32 , given the data in Table 5,1, is the propertion of the area
under the curve to the right of F = 5.32, which i50.673. In othee words, Plhypothe-
sis that the fields and forests differ in average density of ant fests | observed data in
Table 5.1) = 0,673, The most likely posterior value of the F-ratio is 2.77. The propur-
tion of area under the curve to the right of this value is 0.413. The parametric analy-
5is says that the observed data are unlikely given a null distribution specified by the
F-ratio [P{data | Hy) = 0.018], whereas the Bayesian analysis says that the
probability of observing an F-ratio of .77 or larger is not unlikely given the data
|PF 2 5.32] data) = 0.673].

]

cates P = 0.67 that ant nest densities in the two habitats are truly different, given
the Bayesian estimate of F = 9.77 [P(F 2 5.32| F,,) = 0.67]. In contrast, the para-
metric analysis (Figure 5.5) indicates P = 0.018 that the parametric estimate of F
= 8.78 (or a greater F-ratio) would be found given the null hypothesis that the ant
densities in the two habitats are the same [P(F | H,) = 0.018]. 3

Using Bayesian analysis, a different ariswer would result if we used a differ-
ent prior distribution rather than the uninformative prior of means of 0 with
large variances, For example, if we used prior means of 13 for the forest and 7
for the field, an among-group variance of 10, and a within-group variance of
0.001, then P(F 2 5.32| data) = 0.57. Nevertheless, you can see that the posteri-
ot probability does depend on the priors that are used in the analysis ( Table 5.7).

Finally, we can estimate a 95% Bayesian credibility interval around our esti-
rate of the observed F-ratio. As with the Monte Carlo method, we estimate

CHAFTER S Three Frameworks for Statistical Analysis

132
the 939% credibility interval as the 2.5 and 97.5 percentiles of the simulated 1
ratios. These values are 0.28 and 28.39. Thus, we can say that we
that the value of the F-ratio for this experiment lies in the interval |
Note that the spicad is Jarge because the precision of our estimate of the F-
is low, reMecting the small sample size in our analysis. You should compare
interpretation of a credibility interval with the interpretation of a confidence
interval presented in Chapter 3.
Assumptions of Bayesian Analysis
In addition to the standard assumptions of all statistics methods (random, inde-
pendent observations), the key assumption of Bayesian analysis is that the
parameters to be estimated are random variables with known distributions. In
our analysis, we also assumed little prior information (uninformative priors),
1nd therefore the likelihood function had mare influence on the final calcula-

tion of the posterior probability distribution than did the prior. This should

" make intuitive sehse. On the other hand, if we had a lot of prior information,
our prior probability distribution (e.g., the black curve in Figure 5.6) would have
Jow variance and the likelihood function would not substantially change the
variance of the posterior probability distribution. If we had a lot of prior infor-
mation, and we were confident in if, we would not have learned much from
the experiment. A well-designed experiment should decrease the estimate of the
posterior estimale relative lo the prior variance.

The relative contributions of prior and likelihood 1o the posterior estimate
of the probability of the mean density of nests in the forest are illusts ated in Fig-
ure 5.9. In this figure, the prior is flat over the range of the data (i.e., it isan unin-

0.04 +
Figure 5.9 Probability densities for the prior, likelihood. g5
and posterior for the mean number of ant nests in the ',
farest plots. In the Hayesian analysis of the data in Table ;
5.1, we used an uninformative prior distribution with a 2 o02-
mean of 0 and a variance of 100,000 This normal distri- 8 7.
bution generated an essentially uniform range of prior *~ =
probability values (black) over the range of values for as
Aoy, the density of forest ants. The likelihood (green) i
represents the probability based on the ohserved data
(Table 5.1), and the posterior probability (gray) is the

0.00 - T ]

product of the two. Notice that the posterior distribution
is more precise than the likelihood because it takes into
account the {modest) information comained in the prior.
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Summary

formative prior), the likelihood is the distribution based on the observed data
(Table 5.1), and the postén'ur is the product of the two. MNote that the variance
of the posterior is smaller than the variance of the likelihood because we had
some prior information. However, the expected values of the likelihood (7.0)
and the posterior (6.97) are very close, because all values of the prior were
approximately equally likely over the range of the data.’

After doing this experiment, we have new information on each of the param-
eters that could be used in analysis of subsequent experiments. For example, if
we were to repeat the experiment, we could use the posterior in Figure 5.9 as our
prior for the average density of ant nests in other forests. To do this, we would
use the values for A, and o, in Table 5.7 as the estimates of X, and g; in setting
up the new prior probability distributions.

Advantages and Disadvantages of Bayesian Analysis

Bayesian analysis has a number of advantages relative to parametric and Monte
Carlo approaches conducted in a frequentist framework. Bayesian analysis allows
for the explicit incorporation hfiniur_infdrmaliun, and the results from one
experiment [t'h_c posterior) can be used to inform (as a prior) subsequent exper-
iments. The results of Bayesian analysisTare interpreted in an intuitively straight-
focward way, and the inferences obtained are conditional on both the observed
data and the prior information.

Disadvantages to Bayesian analysis are its computational challenges (even
currently available software is difficult to use) and the requirement to condition
the hypothesis on the data [i.e., P(hypothesis | data)]. The most serious disad-
vantage of Bayesian analysis is its potential lack of objectivity, because different
results will be ubtained using different priors. Consequently, different investi-
gators may obtain different results from the same dataset if they start with dif-
ferent preconceptions or prior information. The use of uninformative priors
addresses this criticism, but increases the computational complexity.

Summary

Three major frameworks for statistical analysis arg¢ Monte Carlo, parametric,
and Bayesian. All three assume that the data were sampled randomly and inde-
pendently. In Monte Carlo analysis, the data are randomized or reshuffled, so
that individuals are randomly re-assigned to groups. Test statistics are calculat-
ed for these randomized datasets, and the reshuffling is repeated many times to
pencrate a distribution of simulated values, The tail probability of the observed
test statistic is then estimated from this distribution. The advantage of Monte
Carlo analysis is that it makes no assumptions about the distribution of the data,
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it makes the null hypothesis clear and explicit, and ii can be tailored to individ

ual datasets and hypotheses. The disadvantage is that it iz not a gencral solu

tion and usually requires computer programming to be implemented
In‘parametric analysis, the data are assumed 1o have been drawn from an

ing known distribution. An observed test slatistic is compared to a the
The advan

under
oretical distribution based on a null hypothesis o
is that it provides a unifying framework for statisti

rdom variati

ametric analy:

tage of p VSis
cal tests of classical null hypotheses. Parametric analysis is also familiar to most
ccnlng ists and environmental scientists and is widely implemented in statisti-
cal software, The disadvantage of paramelric analysis is that the tests do not spec-
ify the probability of alternative hypotheses, which oflen is of greater interest
than the null hypothesis.

Bayesian analysis considers parameters to be random variables as (\erm"d 0
having fixed values, It can take explicit advantage of prior information, al
maodern Bayesian methods rely on uninformative priors. The results of I-a;m n
ributions, and their interpretation con-

analysis are expressed as probability di

forms ta our intuition. However, Bayesian analysis requires complex computa-

tion and often requires the investigators lo write their own programs.
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